Introduction
Positivity is a major topic in modern algebraic geometry, [Laz04] , and is originally defined for invertible sheaves on projective varieties. In recent years, there have been efforts to extend this notion to a broader context. Using Shokurov's b-divisors, in [BFJ08] and [BdFF12] the authors defined nef Weil b-divisors and the nef envelope. Independently, in [Urb12a] , motivated by the pullback for Weil divisors defined in [dFH09] , the second author introduced nef Weil divisors. These two definitions arise naturally and have good properties in many different ways.
Our motivation for studying positivity for reflexive sheaves comes from the Minimal Model Program, and the properties described in [Urb12a] seem to be more connected with our scope. In this paper, starting from the second approach, we define (relative) nefness, amplitude, bigness and pseudo-effectiveness for Weil divisors, and we prove most of the properties one would expect from such definitions (vanishing, non-vanishing, and global generation theorems).
In section 2 we first introduce and compare the two notions of nefness for Weil divisors (coming from the two possible approaches of [BdFF12] and [Urb12a] ). We then give our definition of ample, big and pseudo-effective reflexive sheaf and describe the first natural properties.
In section 3 we prove some characterizations, that will emphasize why our definitions are natural.
In section 4 we focus on vanishing theorems. We prove Serre's and Fujita's vanishing for locally free sheaves, and Kawamata-Viehweg vanishing.
In the last section we look more directly toward the Minimal Model Program. In section 5.1 we prove non-vanishing and global generation. We conclude, in section 5.2, by showing that for any lt + variety with anticanonical ample divisor, there exists a boundary ∆ that makes it log Fano in the usual sense.
The definitions and most of the results hold in any characteristic (as well as in mixed characteristic). We will restrict to characteristic 0 only for KawamataViehweg and for the last section.
2. Positive Weil divisors 2.1. Two possible definitions of nef Weil divisor. In this first part we will discuss two different approaches to the study of Weil divisors. The first one focuses more on the structure of the associated reflexive sheaf, the second one relies on the concept of b-divisors and was suggested to the authors by Professor T. de Fernex.
2.1.1. First approach. Let X is a normal variety over a noetherian ring k. Recall that, if D is a Weil Q-divisor,
is an O X -algebra. If f : X → U is a proper morphism of normal varieties and D is a Weil Q-divisor, we have
which is naturally an O U -algebra.
Remark 2.1. If f has connected fibers, f * O X = O U . This is the case, for example, when X → U is proper birational, or if X is connected and U = Spec k. In general, the structure of O U -algebra on R(X/U, D) is given via the natural map
If F is a coherent sheaf on X, we say that it is relatively globally generated if f * f * F → F is surjective.
Remark 2.2. This condition is local on the base, that is, it can be checked on open affine subschemes of U , where it reduces to the usual global generation. As typical application of this observation, we can see that the product of two relatively globally generated coherent sheaves is still relatively globally generated.
From now on we will restrict to the case of a projective morphism of quasiprojective normal varieties X → U . Definition 2.3. Let f : X → U be a projective morphism of quasi-projective normal varieties. A Weil Q-divisor D on X is relatively asymptotically globally generated, in short relatively agg or f -agg, if, for every positive 1||m, O X (mD) is relatively globally generated.
Definition 2.4 (cfr. [Urb12b] , 4.1). Let f : X → U be a projective morphism of quasi-projective normal varieties over a noetherian ring k. A Weil Q-divisor D on X is relatively nef, or f -nef, if for every relatively ample Q-Cartier divisor A,
If U = Spec k (so that X is projective) we will simply say that D is nef.
Remark 2.5. It is not clear wether this notion is additive. Let D 1 and D 2 be two nef Weil divisors such that for all m ≥ 1,
Then, for any ample Cartier divisor A and for any m ≫ 0, O X (mA + mD 1 ) and O X (mA+mD 2 ) are globally generated; thus so is
, and the sheaf on the right is the reflexive hull of the sheaf on the left. Thus it is not immediately possible to deduce the global generation of O X (m2A + m(D 1 + D 2 )).
2.1.2. Second approach. The following notation is from [BdFF12] . In this subsection and the next one, all varieties are defined over an algebraically closed field k of characteristic 0. The relative Riemann-Zariski space of X over U is the projective limit
where π : X π → X is a proper birational morphism. The group of Weil and Cartier b-divisors over X are respectively defined as
where the first limit is taken with respect to the pushforward and the second with respect to the pullback. We will say that a Cartier b-divisor C is determined on X π for a model X π over X such that C π ′ = f * C π for every f : X π ′ → X π . Let a be a coherent fractional ideal sheaf on X. If X π → X is the normalized blow-up of X along a, we will denote Z(a) the Cartier b-divisor determined by a · O Xπ .
Lemma 2.6 ([BdFF12], 1.7). A Cartier b-divisor C ∈ CDiv(X) is of the form Z(a) if and only if C is relatively globally generated over X. Lemma 2.8 ([BdFF12], 2.10 and 2.12). We have that
Definition 2.9. We will say that D is b-nef if Env(D) is a nef b-divisor, in the sense that is a limit of Cartier b-divisors determined by ample divisors.
Proposition 2.10. Nef b-divisors are additive, i.e. if N 1 , N 2 are nef, then N 1 +N 2 is nef as well.
Proof. This comes directly from the fact the sum of two limits is the limit of the sum.
2.1.3. Relations. This section is devoted to the comparison of the two definitions. Let us recall that in this subsection we are working over an algebraically closed field of characteristic 0. 
Since for m sufficiently divisible we can choose A to be as small as possible we will have a sequence of nef b-divisors whose limit is exactly Env(D).
Remark 2.13. We do not know if the converse implication holds in general. Since b-nefness is additive, as consequence of 2.10, a failure of additivity for nefness, see remark 2.5, would imply that the two notions are not equivalent.
Definition and first properties of ample divisors.
Definition 2.14. Let f : X → U be a projective morphism of quasi-projective normal varieties over a noetherian ring k. A Weil Q-divisor D on X is called relatively almost ample, or almost f -ample, if, for every relatively ample Q-Cartier divisor A there exists a b > 0 such that bD−A is f -nef. It is called relatively ample, or f -ample, if, in addition, R(X, D) is finitely generated.
If U = Spec k, in the two cases above we will simply say almost ample or ample.
Remark 2.15. If X is projective over C with klt singularities, for all Q-divisors, the algebras R(X, D) are finitely generated, [Kol08, 92] , thus the notions of almost ample and ample coincide. On the other hand, in general almost ample is not equivalent to ample, as example 2.20 shows.
Definition 2.16. Let f : X → U be a projective morphism of quasi-projective normal varieties over a noetherian ring k. A Weil Q-divisor D is called relatively big, or f-big, if there exist an f -ample Q-Cartier divisor A and an effective Weil
If U = Spec k, we will simply say that D is big.
Definition 2.17. Let f : X → U be a projective morphism of quasi-projective normal varieties over a noetherian ring k.
If U = Spec k, we will simply say that D is pseudo-effective.
Lemma 2.18. Let f : X → U be a projective morphism of normal quasi-projective varieties over a noetherian ring k. Let D be a Weil Q-divisor on X. We have the following properties.
(a) Assume that D is a Q-Cartier divisor and k is an algebraically closed field. Then the above notions of (relative) nefness, bigness, pseudo-effectiveness and amplitude coincide with the usual ones. 
The if is immediate. Let us show the only if. Let L be any Q-Cartier divisor. Without loss of generality, we can assume that is Cartier. Let A be a relatively ample Q-Cartier divisor such that A + L is relatively ample. 
By definition there exists a
is relatively agg. By definition, this means that bD + bA − L 1 is relatively nef. Therefore, D + A is relatively almost ample. For the second part of the statement, notice that Example 2.19. Let us fix an algebraically closed field k. Let X be the quadric cone X = {xy − wz = 0} is P 4 , which is a cone over an embedding of type (1, 1) of Example 2.20. We will give an example of a divisor which is almost ample, but not ample. Let X be a normal variety with isolated singularities and let D be a Weil divisor such that R(X, D) is not finitely generated. For example, X can be the cone of [Urb12a, §3] , and D = K X . Let A be any Cartier ample divisor on X.
By the above lemma and [Urb12a, 5.5], for b sufficiently large bA + D is almost ample. On the other hand, since A is Cartier and R(X, D) is not finitely generated, R(X, bA + D) is not finitely generated, showing that bA + D is not ample.
Characterizations
The characterizations of this section are of two types. Some of them are the equivalent of well-known results for Q-Cartier divisors, while other investigate the behavior of positivity of Weil divisors under Q-Cartierizations. For this purpose, before starting our discussion, let us recall a well known result, [KM98, 6 .2], which we will use extensively.
Lemma 3.1. Let X be a normal algebraic variety and let B be a Weil divisor on it. The following are equivalent:
(a) R(X, B) is a finitely generated O X -algebra; (b) there exists a small, projective birational morphism f :
We will call such a map the QCartierization of D.
Nef Weil divisors.
Proposition 3.2 (see [Laz04] , 1.4.10). Let f : X → U be a projective morphism of normal quasi-projective varieties over a noetherian ring k. Let D be a divisor on X and let H be an f -ample divisor. Let us assume that either D or H is Q-Cartier. Then D is f -nef if and only if, for all sufficiently small ε ∈ Q, 0 < ε ≪ 1, D + εH is f -ample.
Proof. Let us assume that D + εH is f -ample for all ε ∈ Q, 0 < ε ≪ 1. Let A be an f -ample Q-Cartier Q-divisor. For rational positive ε sufficiently small, A − εH is f -ample. Since R(X, H) is finitely generated and either D or H is Q-Cartier, for all positive 1||m,
Since both D + εH and A − εH are f -ample, they are f -agg, and thus so is
Conversely, let D be f -nef. By substituting H with εH, we reduce to prove that
Theorem 3.3. Let X → U be a projective morphism of normal projective varieties over an algebraically closed field k. If g : Y → X is a small projective birational map over U such thatD := g −1 * D is Q-Cartier and g-ample, then D is nef over U if and only ifD is nef over U . The strategy of our proof is to reduce to an affine base and then to use the [Urb12b, 4.3]. We point out that, although the referred result is only stated in characteristic zero, its proof works over any algebraically closed field.
Proof. Let D be nef over U . By definition, for every Cartier divisor A ample over U , O X (m(D + A)) is relatively globally generated (over U ) for 1||m. SinceD is g-ample, we also have that O Y (mD) is globally generated over X for 1||m. We claim that this implies that so is O Y (m(D + g * A)). Since both the assumption and the claim (and the properties of the map g and the divisorD) are local on the base U , we can assume U to be affine. Thus we can assume that O X (m (D + A) ) is globally generated and we will show that so is O Y (m (D + g   *  A) ). This is proven in [Urb12b, 4.3] . Going back to the relative setting, we showed that O Y (m(D + g * A)) is relatively globally generated over U ; thus it is relatively nef. Since nefness is a closed property,D is relatively nef. Now let us suppose thatD is relatively nef over U , and let A be a Cartier divisor on X, ample over U . The claim is that, for 1||m, O X (m(D + A)) is globally generated over U . As in the previous part, we can assume that U is affine. Because of [Kee03, 2.15], nefness is an absolute notion, soD is nef. Then, the same proof of [Urb12b, 4.3] shows that O X (m(D + A)) is globally generated, thus concluding our proof.
Ample Weil divisors.
Proposition 3.5 (see [Har77] , II.7). Let X → U be a projective morphism of normal quasi-projective varieties and let D be a relatively almost ample Weil Qdivisor. For any coherent sheaf F and for all positive 1||m, O X (mD) ⊗ F is relatively globally generated.
Conversely, let D be a Weil Q-divisor such that R(X, D) is finitely generated. If for any coherent sheaf F and for all positive 1||m the sheaf F ⊗ O X (mD) is relatively globally generated, then D is relatively ample.
Proof. Notice that, for any relatively ample Q-Cartier divisor A, there exists b > 0 such that bD − A is relatively agg. Indeed, there exists b > 0 such that bD − 2A is relatively nef (by definition). But then bD − A = (bD − 2A) + A is relatively agg. Since A is relatively ample, F ⊗ O X (mA) is relatively globally generated for positive 1||m. Thus
is relatively globally generated for positive 1||m. Now let us prove the converse. Since we are working with asymptotic conditions, we can substitute D with aD for a positive 1||a, so that R(X, D) is generated in degree 1, that is,
⊗m for all m ≥ 1. Let L be any relatively ample Cartier divisor, and let
, bD − L is relatively agg. Thus, bD = (bD −L)+L is relatively almost ample, by lemma 2.18(i). Since R(X, bD −L) is finitely generated, because L is Cartier and R(X, bD) is finitely generated, then bD is relatively ample. Hence, D is relatively ample.
Theorem 3.6. Let X → U be a projective morphism of normal projective varieties over an algebraically closed field k. If g : Y → X is a small projective birational map over U such thatD := g −1 * D is Q-Cartier and g-ample, then D is ample over U if and only ifD is ample over U .
Proof. Let D be ample over U . By definition, for every Cartier divisor H ample over U , there exists a rational ε > 0 such that D − εH is relatively nef. Moreover, Proposition 3.8 (see [KM98] , 3.23). Let f : X → U be a projective morphism of quasi-projective normal varieties over an algebraically closed field k (U irreducible), and let D be a Weil Q-divisor on X. The following are equivalent:
(a) there exist an almost f -ample Weil Q-divisor A and an effective divisor E such that D ∼ f,Q A + E; (b) there exist an f -ample Q-Cartier divisor and an effective divisor E such that D ∼ f,Q A + E (D is f -big).
They both imply
(c) there exists a c > 0 such that rk f * O X (mD) > cm n for all m > 0, 1||m, where n is the dimension of the general fiber of f .
If R(X, D) is finitely generated, then they are all equivalent.
Proof. Clearly (b)⇒(a) and (a)⇒(b) is a consequence of 2.18(g). Indeed, you can write A ∼ Q A ′ + E ′ , where A ′ is f -ample and Q-Cartier and E ′ is effective, and thus D ∼ Q A ′ + (E ′ + E). It is immediate that (b)⇒(c). So let us assume (c) and R(X, D) finitely generated, and prove (b). Since both (b) and (c) are asymptotic conditions, we can assume that R(X, D) is finitely generated in degree 1, that is,
⊗m . Moreover, using the same technique as in the proof of 2.18(g), we can assume that U = Spec R is affine. Thus, condition (c) becomes
for some c > 0 and all m > 0, 1||m. Let A be an f -ample Q-Cartier line bundle, let A ∈ |A | be general enough element, reduced and irreducible (by generality of A and A ∈ |A |), and let i : A → X be the inclusion. The first step is to notice that i * O X (D) is torsion-free and invertible at the generic point of A. Both properties can be checked locally on X, so that we can assume that X is affine. Let X = Spec B, A = Spec B/f , for some irreducible element f ∈ B. By hypothesis, f is not a unit. 
Let s 1 , s 2 ∈ M ⊗ B B/f be two L-linearly independent elements. As before, we can assume that they are the image of two elements (again denoted by s 1 and s 2 ) in M . Since M has rank 1, there exists a non-trivial combination κ 1 s 1 + κ 2 s 2 = 0, with κ i ∈ K, i = 1, 2, and at least one of the κ i = 0. Since K is the fraction field of A, we can assume that κ i ∈ B, i = 1, 2. This relation induces a relation in M ⊗ B B/f . Since s 1 and s 2 are linearly independent in M ⊗ B B/f , f must divide both κ 1 and κ 2 . Substituting κ i with κ i /f (i = 1, 2), we obtain a new relation κ 1 s 1 + κ 2 s 2 = 0, with k i ∈ B, i = 1, 2. Since we can repeat this process infinitely many times, this implies that each κ i is infinitely divisible by f . Since f is not a unit and at least one of the κ i is non-zero, this is a contradiction.
The second step is to restrict to A, and use induction. We have the short exact sequence
The above short exact sequence induces a long exact sequence in cohomology:
As observed before, O X (D) A is a torsion-free sheaf of rank 1. Moreover, 
for some C > 0. Since, by hypothesis
). Thus, this section determines an effective divisor E ∼ mD − A, which concludes the proof.
We recall, see [dFH09, 2.6 and 2.9], that if f : X → Y is a proper birational morphisms of normal varieties and D is a divisor on X, the natural pullback
The pullback f * (D) is defined by
where the infimum is taken point-wise on the coefficients. Proof. For simplicity we will only show that f ♮ (D) is big over U . The proof proceeds in the same way for all pullbacks. Let p : X → U and let q : Y → U . Since D is p-big, we can find a p-ample Q-Cartier divisor A and an effective Weil Q-divisor
Since A is a p-ample Q-Cartier and f is birational, f * (A) is q-big; thus there exist a q-ample Q-Cartier divisor B and an effective divisor E
, with B q-ample and
Theorem 3.10. Let X → U be a projective morphism of normal projective varieties over an algebraically closed field k. If g : Y → X is a small projective birational map over U such thatD := g −1 * D is Q-Cartier and g-ample, then D is big over U if and only ifD is big over U .
, if D is big over U , so isD by 3.9. LetD be big over
. SinceD is h-big over U , there exists c > 0 such that
for all m > 0 sufficiently divisible. By 3.8, D is f -big.
3.4. Pseudo-effective Weil divisors.
Lemma 3.11. Let f : X → U be a projective morphism of quasi-projective normal varieties over an algebraically closed field k (U irreducible), and let D be a Weil Q-divisor on X. Then D is f -pseff if and only if, for every f -ample Q-Cartier divisor A, A + D ∼ f,Q E, for some E effective.
Proof. If D is f -pseff, for each f -ample Q-Cartier A, D + A is f -big, and thus clearly Q-linearly equivalent over U to an effective divisor. Conversely, let D verify the above condition. Let A be any f -ample Q-Cartier divisor. Then D + A/2 ∼ f,Q E, for some E effective. Thus, since A is Q-Cartier,
Theorem 3.12. Let f : X → U be a projective morphism of normal projective varieties over an algebraically closed field k. If g : Y → X is a small projective birational map over U such thatD := g −1 * D is Q-Cartier and g-ample, then D is pseudo-effective over U if and only ifD is pseudo-effective over U .
Proof. Let D be f -pseff. Let A be any Q-Cartier f -ample divisor. The map g is small, soD + g * A = g −1 * (D + A); thus the divisor g
Moreover, by assumption D + A is f -big. Hence, by 3.10, g −1 * (D + A) =D + g * A is big over U . Since the effective cone is the closure of the big cone,D is pseudo-effective over U .
Conversely, letD be pseudo-effective over U , and let A be an f -ample Cartier divisor on X. SinceD is ample over X and A is ample over U , there exists k ≥ 2 such thatD + kg * A is ample over U . SinceD is pseudo-effective over U and
is g-ample, by 3.10 D + A is big over U . Since this is true for every A ample over U , D is f -pseff.
Vanishing theorems
From now on, all our varieties we will be defined over an algebraically closed field k.
When talking about positivity of divisors on projective varieties, it is natural to talk about vanishing theorems. Two of the main theorems are Fujita (or Serre) in arbitrary characteristic and Kawamata-Viehweg (or Kodaira) in characteristic zero. It is unlikely that for Weil divisors we have vanishing theorems as strong as for Cartier divisors.
Serre and Fujita vanishing.
Theorem 4.1 (Relative Fujita vanishing for locally free sheaves). Let f : X → U be a projective morphism of quasi projective varieties, let H be an f -ample Weil divisor on X and let F be a locally free coherent sheaf on X. There exists an integer m(F , H) such that
for all positive m such that m(F , H)|m and for any relatively nef Cartier divisor D on X.
Proof. Let g : Y → X be the Q-Cartierization of H (which exists since H is fample). LetH := f −1 * H and let h = f • g : Y → U ; by theorem 3.6,H is h-ample, and f -ample. By lemma 3.1, for all m ≥ 0,
Let D be any f -nef Cartier divisor; let us denote F (D) = F ⊗ O X (D). By the projection formula,
for all m ≥ 0. The sheaf g * O X (D) is g-trivial while g * F is still coherent and O Y (H) is g-ample; thus there exists m 1 := m 1 (H) such that, for all m 1 |m,
(this is the relative version of Serre's vanishing, [Kee03, 1.5]). We have the Grothendieck's spectral sequence
By (4.2), the Grothendieck's spectral sequence converges immediately, and we have the equalities
for every m 1 |m and every i ≥ 0. By (4.1), the cohomology on the left-hand of the equality is
for all m 0 |m. On the other hand, since g * D is h-nef on Y (it is the pullback of an f -nef divisor), g * F is coherent and O Y (H) is h-ample, by the relative Fujita's vanishing theorem, [Kee03, 1.5], there exists m 2 (H, g * F ) = m 2 (H, F ) such that, for all m 2 := m 2 (H, F )|m and for all i > 0, m 2 ) , for all i > 0 and positive m(HF )|m,
Corollary 4.2 (Fujita vanishing for locally free sheaves). Let X be a projective variety, let H be an ample Weil divisor and let F be any locally free coherent sheaf on X. There exists an integer m(F , H) such that
for all positive m such that m(F , H)|m and for any nef Cartier divisor D on X. 
Proof. Since (X, ∆) is klt, both R(X, D) and R(X, D − K X − ∆) are finitely generated. Let g : On the other hand, by 3.1,
, and by the relative KawamataViehweg vanishing
Thus the Grothendieck spectral sequence
converges immediately, and we have 
First steps towards a non-Q-Gorenstein MMP
In this section we work over an algebraically closed field k of characteristic 0.
5.1. Non-vanishing and Global generation. We collected these two results together as they show peculiar aspects of Weil divisors, which make the original results, in some sense, impossible to fully generalize. Moreover, the technique of the proof is the same. We will start by proving a non-Q-Cartier version of Shokurov's Non-vanishing theorem, see [KM98, 3.4 ]. Next we will prove a generalization of the Base-point free theorem, see [KM98, 3.3] . However, for Weil divisors, base-point freeness and global generation are not equivalent. The non-expert can think of the case of an affine cone and a non-Q-Cartier divisor on it. Since the variety is affine, every coherent sheaf is globally generated; on the other hand, this divisor (and all its powers) must go through the vertex of the cone. So, our generalized version of the Base-point freeness will be only a statement about global generation.
Proposition 5.1 (Non-vanishing). Let f : X → U be a projective morphism of quasi-projective varieties over k. Let (X, ∆) be a klt pair and let D be an f -nef divisor such that aD − (K X + ∆) is f -nef and f -big for some a > 0. Then, for all positive 1||m, mD + ⌈−∆⌉ ∼ Q,f F ≥ 0.
Proof. Without loss of generality, we can assume that a = 1. Since (X, ∆) is klt, the algebras R(X, D) and R(X, D − K X − ∆) are both finitely generated. Let 
Proposition 5.2 (Global generation). Let (X, ∆) be a klt pair, f : X → U be a projective morphism of quasi-projective normal varieties. Let D be an f -nef divisor such that aD − (K X + ∆) is f -nef and f -big for some a > 0. Then D is f -agg (relatively asymptotically globally generated). Definition 5.5 ([CU12], 5.2). If X is a normal variety over C, X has lt + singularities if for one (equivalently all) log resolution f : Y → X, K Y + f * (−K X ) has coefficients strictly bigger than −1 (for any prime component of the exceptional divisor).
Remark 5.6. The pullback used in the definition is the pullback of [dFH09] , which is not linear (see [dFH09, 2.12] ). Thus f * (−K X ) = −f * (K X ). Moroever, lt + is a broader class than klt. The next results suggests that the positivity condition on −K X affects the type of singularity. See [SS10] for a phenomenon opposite in nature.
Theorem 5.7. Let X be a projective variety having lt + singularities and such that −K X is ample (not necessarily Q-Cartier). Then X is log Fano.
Proof. Since R(X, −K X ) is finitely generated, there exists a small map g : Y = Proj X R(X, −K X ) → X, such that g −1 * (−K X ) is g-ample and ample. Moreover, X has klt singularities [CU12, 5.15] . Notice that, the map g being small, −K Y = g −1 * (−K X ) and K Y = g ♮ (K X ). As in [CU12, 5.14], we can show that Y has log terminal singularities. Indeed, since X has klt singularities, there exists an m > 0 such that, for any resolution f : Z → X, K Z − 1 m f ♮ (mK X ) > −1. Let Z be any such log resolution, which without loss of generality we can assume factors through g as f = g • h, for some h : Z → Y . Since g −1 * (−K X ) = −K Y is g-ample, O Y (−mK Y ) is globally generated over X for m sufficiently divisible, hence we have an isomorphism at the level of sheaves, that is, The above statement is in particular satisfied by normal toric varieties. We will give the following slightly stronger example to show how we aim to use the Theorem in view of the Minimal Model Program.
Example 5.8. Let π : Z → X be a small morphism of toric varieties such that K Z is ample and Q-Cartier over X. Then for any K Z -negative curve C, there exists a boundary ∆ on X such that (K X + ∆).π * C < 0 i.e. every contraction on Z arising from the cone theorem, induces a contraction on X.
Proof. Let C ⊂ Z such that K Z .C < 0. Let D be an ample effective Cartier divisor on X, in particular D.C > 0. Also, writing D = d ρ D ρ , we can assume that there exists an integer k > 0 such that D ′ := D/k is a Q-Cartier divisor such that |d ρ | < 1 for every ρ ∈ Σ(1). Let us choose ∆ = −K X − D ′ , that by assumption is an effective divisor and K X + ∆ = −D ′ is Q-Cartier and (K X + ∆).C < 0. We obtain the following diagram 
